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A story on the ellipticity:

That happens some time ago:

Three sequent years and three sequent papers.

A discussion with T. Branson inspired by two absolutely fundamental

papers:

- the first by Stein and Weiss

- and the other by Fegan.

And the question:

Can one characterize elliptic gradients?

Then the three following years:

1995, 1996, 1997

and the three following papers:
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Gradients or generalized gradients in the sense of Stein and

Weiss or simply Stein-Weiss operators are first order differential opera-

tors that are irreducible summands of the covariant derivative ∇.

Gradients are then the simplest bricks the covariant derivative is

build of.

More exactly:

Assume E is a vector bundle over a manifold M .

Assume that ∇ is a covariant derivative in E, i.e.,

C∞(E) ∇−→ C∞(T ∗M ⊗ E)

Assume G is a Lie group acting both on T ∗M and E (such a group is

always strictly associated to the geometric structure considered on M).

Split both the origin bundle E and the target bundle F = T ∗M ⊗E onto

direct sums of G-irreducible invariant subbundles.

The restriction of ∇ to any one of such subbundles of E composed with

the projection onto any one of F is just a G-gradient .
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V1 ⊕ · · · ⊕ Vµ ⊕ · · · ⊕ Vr

↘↓↙

E

∇ ↓

F

↙↓↘

W1 ⊕ · · · ⊕Wν ⊕ · · · ⊕Ws
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In this talk we will mainly be interested in GL(n)-and SO(n)-gradients,

i.e., in the case G = GL(n) or G = SO(n).

SO(n)-gradients were introduced first in 1968 by Stein and Weiss in their

famous paper:

E. Stein, G. Weiss, Generalization of the Cauchy-Riemann equations

and representations of the rotation group, Amer. J. Math. 90 (1968) 163–196.

Their theory developed next into large branches of global analysis, geom-

etry, differential operators, representation theory, ...

Many natural first order linear differential operators in geometry are ei-

ther gradients or their compositions. For example, the exterior and interior

derivatives d and δ, respectively, the Cauchy-Riemann operator ∂. The clas-

sical Dirac operator on exterior forms d+ δ is their sum.

Gradients depend on the geometry of M (the group G) and this is obvious,

but, on the other hand, they can themselves, e.g., by their spectral properties,

determine, to some extent the geometry (dimension, volume, area of the

boundary, scalar curvature,...).

Consider now the case: the origin bundle E is a tensor bundle over M . So,

let ∇ : Γ(TM) −→ Γ(TM∗ ⊗ TM) be a covariant derivative in the tangent

bundle TM .

Extend ∇ in a natural way to the dual bundle and next to the whole

tensor algebra over TM . The extended covariant derivative will be denoted

by the same symbol∇. In particular , for any k = 0, 1, 2 . . . ,∇ can be treated

as the operator

∇ : Γ(
⊗k

TM∗)→ Γ(
⊗k+1

TM∗)
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with the convention that

(∇ζ) (a1, a2 . . . , ak+1) = (∇a1ζ) (a2, . . . , ak+1) .

By limiting considerations to this case we can derive many explicit formulas

for gradients in many irreducible subbundles of
⊗k TM∗. In particular in the

bundles of skewsymmetric- or trace free symmetric tensors.

The fibres of TM are Euclidean spaces, SO(n) acts on them in a natural

way. Obviously, the action can be extended naturally to
⊗k TM∗.

Decompose the space TM∗⊗k =
⊗k TM∗ into a direct sum of irreducible

invariant subspaces:

TM∗⊗k =
⊕

µ
Vµ.

For every µ, denote by jµ : Vµ → TM∗⊗k the natural injection defined by the

splitting.

Next, take any µ and split the bundle TM∗ ⊗ Vµ into a direct sum of

invariant irreducible subbundles

TM∗ ⊗ Vµ =
⊕

ν
Wν .

. For every ν, denote by πν : TM∗⊗k → Vν the natural projection defined by

the splitting.

If the multiplicities are one—and it is almost always the case in our

considerations—this decomposition is unique.

For any µ, ν the first order differential operator

∇µν = Pµν = πν ◦ ∇ ◦ jµ : C∞ (Vµ) −→ C∞ (Wν)

is called a generalized gradient or a Stein-Weiss operator.

Without loss of generality we confine considerations to the case when the

origin bundle is irreducible:
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The splitting receives then a simpler form, namely:

∇ = G1 + · · ·+Gν + · · ·+Gr

From now on we will assume that the origin bundle is irreducible.

SO(n)-gradients are characterized by their conformal invariance.

Fegan showed namely in

H. D. Fegan, Conformally invariant frst order differential operators, Quart.

J. Math. Oxford (2), 27 (1976), 371–378

the following

Theorem. Each gradient G is conformally covariant, in the sense

that there are constants c and c∗ with

G = Ω−(c+1)GΩc, G∗ = Ω−(c
∗+1)G∗Ωc∗

whenever we have two conformally equivalent metrics, i.e. metrics

g and g related by g = Ω2g for some positive smooth function Ω on

M .

Conversly, any conformally invariant operator from an irreducible

bundle is a composition of a gradient and a bundle map.

7



The simplest example is the case k = 1. The origin bundle TM∗⊗1 = TM∗

is irreducible (SO(n) acts on TM∗ transitively) but the target bundle TM∗⊗2

splits into three SO(n)-irreducible invariant subbundles:

TM∗⊗2 =
∧2⊕S20 ⊕ S2tr,

where

∧2 is the subbundle of skew-symmetric tensors,

S20 is the subbundle of symmetric and trace-free tensors,

S2tr is the subbundle of pure traces, i.e. tensors of the form

cg, c ∈ R.

Consequently, the three projections π1,π2, π3 are given by:

π1 = 1
2!

∑
σ∈S2

sgnσ σ, π2 = 1
2

∑
σ∈S2

σ − 1
n
g tr, π3 = 1

n
g tr,

where the action of a permutation σ ∈ Sp on a p-tensor ζ ∈ A∗⊗p is given by

(σζ) (a1, . . . , ap) = ζ
(
aσ−1(1), . . . , aσ−1(p)

)
,

and tr is taken with respect to g.

So, for the metric and torsion-free connection ∇, the Stein-Weiss opera-

tors are

G1 = π1∇ =
1
2
d, G2 = π2∇ = S, G3 = π3∇ = − 1

n
gδ

and

∇ =
1
2
d+ S − 1

n
gδ,
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where d and δ are usual operators of exterior derivative and coderivative,

respectively. The operator S is is given by

Sα = ∇sα +
1
n
δα · g, α ∈ C∞(

∧1)
where ∇s is the symmetrized ∇,

S is known as the Ahlfors or the Cauchy-Ahlfors operator.

In the case of a Riemannian manifold of dimension n the operator ∇∗

formally adjoint to ∇ can symbolically be written as

∇∗ =
1
2
δ + S∗ − 1

n
dtr.

The equality is to be read that the restrictions of ∇∗ to the invariant

subspaces coincide with the sequent operators from the right hand side of

the equality.

As a result we have the following splitting for the second order operator

∇∗∇:

∇∗∇ =
1
2
δd+ S∗S − 1

n
dδ,

The last formula together with the Weitzenböck formula

∇∗∇ = δd+ dδ − ric,

where ric is the Ricci action on one forms (ricα)i = ricjiαj give that the

second order strongly elliptic operator S∗S caled the Ahlfors Laplacian is

of form

S∗S =
1
2
δd+

1
n
dδ − ric,
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The main problems:

- The problem of ellipticity of particular gradients

- The elliptic boundary value problem for elliptic gradients

- The problem of dependence of the gradients on the geometric and other

structures

Let us concentrate here on the middle one!

The problem of ellipticity

∇ is an elliptic operator in the sense of injectivity of its symbol. Now the

question arises which gradients in the splitting.

∇ = G1 + · · ·+Gν + · · ·+Gr

are elliptic.

Notice that if Gν is elliptic then the second order differential operator

G∗νGν ,
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where Gν denotes the operator formally adjoint to Gν , is strongly elliptic.

The first answer to the question on the ellipticity of particular gradients

was given by Kalina, Pierzchalski and Walczak. The paper was send for

publication in 1995. Unfortunately, we had to wait almost two years for its

appearance. Finally we got is as:

J. Kalina, A. Pierzchalski, B. P. Walczak, Only one of the gen-

eralized gradients can be elliptic, Annales Polonici Mathematici, 67 (1997),

111-120.

It was proved there that in the case of G = GL(n) there is exactly one

elliptic gradient in the splitting and the elliptic gradient can be characterized

in the language of the Young diagrams by help of the - so called - distinguished

extension. Let us formulate it more exactly.

Let W be a vector space (over R or C) of dimension n. Fix k ∈ N and take

a sequence of integers α = (α1, . . . , αr), α1  · · ·  αr  1, α1+ · · ·+αr = k.

Every such α is called a Young scheme of length k. It can be represented by

the figure consisting of r rows of squares and such that the number of squares

in the j-th row is αj.

Any Young scheme can be filled with numbers 1, . . . , k distributed in any

order. A scheme filled with numbers is called a Young diagram. Without

loss of generality we can assume that the numbers grow both in rows and

columns.

Take a Young diagram α and denote by Hα and Vα the subgroups of

the symmetric group Sk consisting of all permutations preserving rows and
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columns, respectively. α determines the linear operator (called the Young

symmetrizer) Pα : W k → W k, W k = ⊗kW , given by

Pα =
∑

τ∈Hα,σ∈Vα
sgn σ · τσ,

where the action of any permutation ρ ∈ Sk on simple tensors is given by

ρ(v1⊗· · ·⊗vk) = vρ−1(1)⊗· · ·⊗vρ−1(k) for all v1, . . . , vk ∈ W . It is well known

that

P 2α = mαPα

for some mα ∈ N and that Wα = im Pα is an invariant subspace of W k for the

standard representation of GL(n) in W k. This representation is irreducible

on Wα. Moreover,

W k = ⊕αWα,

If W is equipped with a scalar product g = 〈·, ·〉, then g allows to define

contractions in W k. An element w of W k is said to be traceless if C(w) =

0 for any contraction C : W k → W k−2. (In particular, all 1-tensors are

traceless.) Traceless tensors form a linear subspace W k
0 of W k. Its orthogonal

complement consists of all the tensors of the form

∑
σ∈Sk

σ(g ⊗ wσ),

where wσ ∈ W k−2. For simplicity, let us denote the space of tensors of the

form (4) by g ⊗W k−2 so that

W k = W k
0 ⊕ (g ⊗W k−2).

The intersection W 0α = Wα ∩ W k
0 is non-trivial if and only if the sum of

lenghts of two first columns of an Young diagram α is ¬ n. A diagram like
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this is called admissible and the corresponding space W 0α is invariant and

irreducible under the O(n)-action. Moreover,

W k
0 = ⊕αW 0α,

where α ranges over the set of all admissible Young diagrams with the num-

bers growing both in rows and columns. Comparing (5) and (6), and pro-

ceeding with the analogous decompositions of W k−2, W k−4, etc., one gets

the decomposition of W k into the direct (in fact, orthogonal) sum of irre-

ducible SO(n)-invariant subspaces.

Let β = (β1, . . . , βs) be a Young scheme of length k + 1 obtained from α

by an extension by a single square. The corresponding diagram should have

k+1 in the added square, while the ordering in the other part of the diagram

is the same as in α. β is called a distinguished extension of α if

s = r, β1 = α1 + 1, β2 = α2, . . . , βs = αs.

In other words, β is distinguished when the added square is situated at the

end of the first row.

Take arbitrary v ∈ W and consider a linear mapping ⊗v : W k → W k+1

defined by

⊗v(v1 ⊗ · · · ⊗ vk) = v1 ⊗ · · · ⊗ vk ⊗ v

Theorem. For any v 6= 0 the mapping

Pβ ◦ ⊗v|Wα : Wα → Wβ

is injective if and only if β is the distinguished extension of α.

Corollary. The operator ∇αβ is elliptic if and only if β is the

distinguished extension of α.
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Some partial results were also obtained for ellipticity of SO(n)-gradients,

in particular for such gradients in the bundle of skew-symmetric tensors and

in the bundle of symmetric tensors.

A more general fact fact was proved for the case of compact semisimple

group G a year later:

J. Kalina, A. Pierzchalski. B. Ørsted, P. Walczak, G. Zang, El-

liptic gradients and highest weights, Bull. Polon. Acad. Sci. Ser. Math. 44

(1996), 511–519.

The elliptic gradients in this case were characterized in the language of

the representation theory as the operators in the splitting related to the

representation of the highest weight.

Let us describe this more exactly.

Let G be a compact semisimple Lie group and U and V two irreducible

fnite-dimensional unitary representations with highest weights µ and ν re-

spectively. The tensor product U ⊗V contains the unique invariant subspace

W on which G acts by the irreducible representation of highest weight µ+ν.

The following observation was proved there.

Theorem. Let P be the orthogonal projection on an G-irreducible

invariant subspace of the tensor product U ⊗ V .

Then the implication:

u⊗ v 6= 0, u ∈ U, v ∈ V ⇒ P (u⊗ v) 6= 0

holds if only if P is the projection to W .
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This observation leads directly to an ellipticity criterion for G-gradients.

Next, again a year later, the solution of the problem was completed with

the investigating also sums of gradients by Branson in

T.P.Branson, Stein-Weiss operators and ellipticity, J. Funct. Anal. 151

(1997), no. 2, 334–383.

He proved namely for G = SO(n) and the corresponding splitting

∇ = G1 + · · ·+Gν + · · ·+Gr

the following

Theorem. There are sets B1, . . . , Bp ⊂ {1, ..., r}, each of cardinality

1 or 2, such that ∑
ν∈A

G∗νGν

is elliptic if and only if Bu ⊂ A for some u.

Furthermore, excluding some exceptional cases the sets Bu par-

tition {1, . . . , r}, i.e. Bu are pairwise disjoint and {1, . . . , r} is the sum

of all Bu.

And this the end of our story on the ellipticity.
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Applications

An important consequence of the ellipticity is the following

Theorem Let P : C∞V → C∞V be an elliptic self-adjoint differ-

ential operator of order 2.

(a) We can find a complete orthonormal basis {φn}, n = 1, 2, . . .

for L2V of eigenvectors of P : Pφn = λnφ.

(b) The eigenvectors φn are smooth and limn→∞|λn| → ∞.

(c) If we order the eigenvalues |λ1| ¬ |λ2| ¬ . . . then there exists

a constant C and an exponent δ such that |λn|  Cnδ if is sufficiently

large.

Notice that the theorem enables searching for the solutions by standard

methods of harmonic analysis. Its proof can be found, e.g. in

P.B. Gilkey, Invariance theory, the heat equation, and the Atiyah-Singer

index theorem, Publish or Perish, Wilmington, Delaware, 1984.
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